Abstract: Countable products of finite discrete spaces with more than one point and ideals generated by MarczewskiBurstin bases (assigned to trimmed trees) are examined, using machinery of base tree in the sense of B. Balcar and P. Simon. Applying Kulpa-Szymański Theorem, we prove that the covering number equals to the additivity or the additivity plus for each of the ideals considered. 
Introduction
We examine countable Cartesian products X , of (finite) discrete spaces with more than one point. Our considerations are related to a kind of tree which we call a trimmed tree. Each trimmed tree T [A α] is uniquely determined by two parameters A ∈ [ω] ω and α ∈ X . Trimmed trees are more general than segments, in the meaning of [9] , which are trimmed trees with all X being {0 1}. The notion of a trimmed tree is an analog of a Silver forcing condition for X = 2 ω , and of a (so-called) -Silver forcing condition for X = ω ; cf. [15] or [18] . It turns out that the machinery of shattering matrices of B. Balcar, P. Simon and J. Pelant, see [1] and [2] , is a good tool to deal with trimmed trees. This fact prompted us to consider such a general setting together with methods of [9] . It is well known that this machinery plays out with the Ellentuck topology (and the Mathias forcing), compare [2] and [16] , as well with finite products of (ω)/ fin, see [19] .
In [9] for trimmed trees with X = 2 ω we used the following trivial fact: if α( ) ∈ {0 1} and α( ) = 0 (or α( ) = 1), then α( ) = 1 (or α( ) = 0). This can fail of course, when sets X have cardinality greater than 2. Such sets arise when improving some results for completely Ramsey sets from [5] , [6] , [13] , [16] . The technique of shattering matrices works for finite X with more than one point. We do not know if it works for infinite X . Nevertheless, in our opinion, the methods considered here are interesting by their own merit.
On the other hand, we are guided by a close relation between the family J (α), considered by G. Moran and D. Strauss [14] , and sets of the kind T [A α]. For a given function defined on X and a fixed point α ∈ X , the family J (α) Suppose is a family of sets such that ∈ . We will use the following notation:
• add ( ) denotes the least cardinality of a subfamily ⊆ such that the union is not in ,
• cov ( ) denotes the least cardinality of a subfamily ⊆ such that = .
The cardinals add ( ) and cov ( ) are called additivity and covering numbers, respectively. They are considered along with the cardinals non ( ) and cof ( ); cf. [3] . Note that, for ideals considered here, non ( ) is the continuum (see Lemma 2.1), whereas cof ( ) is greater than the continuum by an argument similar to that of [17, Theorem 4] .
Assume X = X and each X is a finite (or sometimes countable) set. For ⊂ 2 X let 0 ( ) be the family of all Y ⊂ X such that for any V ∈ there exists a U ∈ such that U ⊆ V and U ∩ Y = ∅. The family 0 ( ) is an ideal of subsets of X . In what follows, it is convenient to think of ideal 0 ( ) as of the ideal of nowhere dense sets provided is a Marczewski-Burstin base in the sense of [4] . It cannot be considered as the ideal of nowhere dense sets in the topology generated by , since such a topology may be discrete.
In the papers [3] , [9] , [12] the properties of the ideal ( 0 ), which is the ideal 0 ( ) with X = {0 1} for all ∈ ω, were considered. Here, we generalize properties of the ideal ( 0 ) for sets X being finite and having more than one point. We do not consider properties which depend on the assumption that sets X have less than points for a fixed ∈ ω (cf. 3). The case with X infinite is an open problem. Those two initial results constitute an introduction to dealing with two invariants of the abovementioned ideals: the covering number and the additivity number. We prove a generalization of Hadamard's theorem (Theorem 4.2) which enables us to adopt the Base Tree Theorem (Theorem 5.3), see [1] and [2] . Applying the so-called Kulpa-Szymański Theorem, we obtain the final result of this paper (Corollary 6.7), i.e. the inequality cov ( 0 ( )) ≤ add ( 0 ( )) + provided each X is a finite set with more than one point.
Let us note that combinatorial results of [14] for products X of finite X lead to the following observation: a residual subset of a product X cannot be a set in 0 ( ), and in some cases a subset of X with positive measure cannot be a set in 0 ( ). In particular, neither a residual set nor a set with positive measure can be a set in ( 0 ). Indeed, [14, Theorem 2] implies that every residual subset of a product X contains a subset of the form
and α ∈ X ). Moreover, [14, Theorem 3] implies that every subset of a product X with positive measure contains a subset of the form T [A α] , provided there is ≥ 2 such that for infinitely many , |X | = .
Trimmed trees
is an infinite sequence of sets with more than one point. Let X denote the Cartesian product of these sets. Fix a function α ∈ X and an infinite subset A ⊆ ω. The subset β ∈ X : α| ω\A = β| ω\A is a perfect subset of X equipped with the product topology, where each X is considered with the discrete topology. We will denote this subset as T [A α] , since it can be described as the set of all infinite branches of the tree which we call a trimmed tree. Our terminology regarding trees is standard; cf. [8] or [10] . 
From now on, we assume that a Cartesian product X is fixed, where each X is a set with more than one point. Sometimes, we assume that sets X are finite or countable.
Lemma 2.1.
Each member of * contains continuum many pairwise disjoint members of * .
Proof. Fix [T ] * ∈ *
, where T = T [A α]. Let (A) be an almost disjoint family of cardinality continuum consisting of infinite subsets of A. Fix a function γ ∈ X such that γ( ) = α( ) for any ∈ A. Then, for each C ∈ (A) choose an infinite subset V C ⊂ C such that C \ V C is infinite. Let α C ∈ X be a function such that
If T ∈ and ∈ fin X , then T denotes the tree {α | : α ∈ [T ] and ∈ ω}. Note that, notions T and Y are used in different contexts. Each tree T consists of nodes, but any Y consists of infinite sequences. We have assumed that each X has at least two points, hence any tree Thus, the decreasing sequence of relations (⊆ ) ∈ω is defined. These relations hold between elements of . Note that, ⊆ +1 is always contained in ⊆ . So, we can apply the method of fusion (cf. [8] ) using these relations to trimmed trees. In many papers, facts about fusion are presented without proof. Since the details considered here are not so obvious, we shall present the full proofs. Lemma 3.1.
Fusion relations
Proof.
Hence, the union {α | ω\A : ∈ ω} is a function. Fix α ∈ X which extends this union. Functions α and α coincide on the set ω \ A , thus
be an increasing enumeration of points of
From now on, the ideal 0 [T ] : T ∈ will be denoted as 0 ( ).
Lemma 3.2.
Let
Suppose ∈ fin X and Y ∈ 0 ( ). Since Y is a subset of the union Y : ∈ fin X and | | = | | , then it is contained in a union of less than add ( 0 ( )) many elements of 0 ( ). Hence Y ∈ 0 ( ).
Hence Y is a union of less than add ( 0 ( )) many elements of 0 ( ). Therefore Y ∈ 0 ( ).
Lemma 3.3.
Suppose that |X | < add ( 0 ( )) for all ∈ ω. Let ∈ ω and T ∈ . If Y ∈ 0 ( ), then there exists a tree P ∈ such that P ⊆ T and
Proof. Let for all ∈ ω. The famous Hadamard theorem says that there are no (ω ω)-gaps; cf. [7] or [20] . This theorem can be formulated in our notation. Indeed, we assume that X = {0 1} and identify each subset Y ⊆ ω with its characteristic function which belongs to X . Then one can check that Hadamard's theorem is equivalent to the property that any decreasing sequence of elements of * has a lower bound. Theorem 4.2 extends this property.
A generalization of Hadamard's Theorem

If T = T [A α] ∈ , then the tree T is determined by the function δ T [A α] ( ) =
{α( )} whenever / ∈ A, X whenever ∈ A. 
For a tree P ∈ , we have β ∈ [P] if and only if β( ) ∈ δ(P)(
Proof. Fix 0 ∈ ω such that δ(P)( ) ⊆ δ(T )( ), for any
The function δ(Q) uniquely determines the tree Q ∈ which is a desired one. 
A version of base tree
The Base Matrix Lemma (see [1] ), or Base Matrix Tree Theorem (cf. [2] or [9] ), are adopted to trimmed trees in this part. We omit some proofs, since they are completely analogous to those in [1] , [2] , [9] 
The function δ(Q) uniquely determines the tree Q ∈ which is a desired one.
For any tree T ∈ , the poset
is isomorphic with the poset ( * ⊆). Moreover, posets
Thus Φ and Ψ are mutually inverse bijections. Moreover, Φ and Ψ preserve the relation of inclusion between trees, hence they are isomorphisms. Now, we can define an isomorphism Φ * of posets 
Cardinal invariants
In this part, all results are established for the σ -ideal 0 ( * 
Theorem 6.4.
If all sets X are countable, then ω
Proof. By Lemma 2.1 each set S ⊆ X of cardinality less than continuum belongs to 0 ( ). Choose sets S α ⊆ X for α < cf (c) such that X = {S α : α < cf (c)} and |S α | < c. Thus cov 0 ( ) ≤ cf (c).
If is a -partition, then one can choose subsets N C ⊂ C ∈ of the cardinality less than c such that The next theorem can be found in the paper by W. Kulpa and A. Szymański [11] . It is presented with a proof in [1] .
Theorem. 
